The aim of this paper is to describe how to control the power-to-load ratio of a novel wave energy converter (WEC) in irregular waves. The novel WEC that is being developed at the National Renewable Energy Laboratory combines an oscillating surge wave energy converter (OSWEC) with control surfaces as part of the structure; however, this work only considers one fixed geometric configuration. This work extends the optimal control problem so as to not solely maximize the time-averaged power, but to also consider the power-take-off (PTO) torque and foundation forces that arise because of WEC motion. The objective function of the controller will include competing terms that force the controller to balance power capture with structural loading. Separate penalty weights were placed on the surge-foundation force and PTO torque magnitude, which allows the controller to be tuned to emphasize either power absorption or load shedding. Results of this study found that, with proper selection of penalty weights, gains in time-averaged power would exceed the gains in structural loading while minimizing the reactive power requirement.
INTRODUCTION
Over the past year, researchers at the National Renewable Energy Laboratory have been developing a novel wave energy converter (WEC) concept that combines an oscillating surge wave energy converter (OSWEC) with active control surfaces [1, 2] . The active control surfaces may assist in tuning the hydrodynamic properties of the device to maximize power absorption and reduce loads in larger seas to increase the operational range. The concept of controllable airfoils applied to wave energy conversion has previously been explored by Atargis Energy [3] , while the concept of large-scale geometric changes has been considered in the design of Weptos [4] . However, the novel WEC considered in this paper is closer in design to a bottomfixed pitching WEC in which the main body is composed of a single large rotatable body [5] ; however, increasing the number of rotatable surfaces allows for greater control over the device hydrodynamics. The development of bottom fixed OSWECs has been led by Aquamarine Power's Oyster [6] , AW-Energy Oy's Waveroller [7] , and Resolute Marine Energy's Surge WEC [8] ; however, these designs consist of a fixed geometrical body and are generally not considered to be resonant devices [9] .
The success of such future WEC technologies will require the development of advanced control methods that adapt device performance to maximize energy generation in operational conditions while mitigating hydrodynamic loads in extreme seas [10] . If the structural loads can be properly controlled then future WECs can be designed with thinner steel thickness to reduce overall cost. The balancing of these objectives offers an interesting design and control challenge that is beginning to garner greater research interest [11, 12] . This multiobjective contrasts with previous works that solved the optimal control problem when focused solely on maximizing the time-averaged power (TAP). If power take-off (PTO) and structural loads are not considered in the control algorithm, then it is well known that the optimum WEC motion trajectory follows that of complex conjugate control [13] , which is known to require large actuator forces and reactive power when the WEC oscillates away from the resonance frequency. The application of state-constrained optimization [14, 15] applied to WEC control has gained significant traction in recent years because it provides the ability to incorporate linear and nonlinear constraints. This optimization has been pursued using model predictive control [16] [17] [18] and pseudo-spectral methods [12, 19, 20] . Suboptimal strategies that eliminate reactive power, which include latching [21] , declutching [22] , and a nonlinear constraint on the direction of power flow [23] , have been proposed yet still do not include a load metric in the optimization. It was shown in [12] that in regular waves moderate increases, roughly up to 50%, in TAP outpaced the growth in structural loads; however, further maximization of the TAP lead to rapid growth in structural loads, thereby reducing the cost-tobenefit ratio.
This work extends the pseudo-spectral control methodology presented in [12] to irregular waves in order to determine if the same power-to-load ratios can be maintained in a more realistic sea environment. This analysis begins by introducing the hydrodynamic coefficients and mass properties of the WEC geometry used in the analysis. Next, modeling of the OSWEC timedomain pitch equation of motion is reviewed to provide the preliminaries for extension into its spectral representation. This is followed by a review of pseduo-spectral control theory, which entails the inclusion of the surge-foundation load and PTO actuator force in the optimization problem. Separate penalty weights are placed on both of the structural load contributions in an effort to provide greater control in achieving the desired performance. The effect on controller performance is observed by simulating the same sea state for combinations of penalty weights that range from maximum power absorption to minimization of structural loads. The time history of the WEC motion and PTO control torque are presented to illustrate how the increase in TAP can exceed the increase in structural loads. 
OSWEC HYDRODYNAMIC MODELING
As outlined in previous studies [1, 2] , the main body of the OSWEC has been replaced with a set of identical flaps that may rotate about its center axis; see Figure 1 . The flaps are allowed to pitch about their center of rotation with the flap pitch angle, ϕ; see Figure 2 . The geometric dimensions used in this study can be found in Table 1 . The structural mass is assumed to be evenly distributed and the structural mass density, ρ m , was set to half the fluid density, ρ. The hydrodynamic coefficients were obtained from WAMIT version 7.0 [24] at a spacing of 0.01 rad/s for wave frequencies between 0 rad/s-7.5 rad/s. Furthermore, this work only considers the no-open-flap geometry (0-flap geometry) and the hydrodynamic coefficients can be found in Figure 3 . The hydrodynamic coefficients for other flap geometries can be found in [1, 2] which shows over a 2 order of magnitude reduction between the geometries shown in Figure 1 . A water depth of 10 m was chosen to calculate the hydrodynamic coefficients after reviewing previous works on bottom fixed OSWEC systems [5, 6, 9] . In [25] , a study on the performance sensitivity of small surging WECs, with respect to water depth, found that a greater capture factor was obtained in shallower depths. In both [6, 25] the largest water depth explored was 20 m while AW-Energy Oy [7] Wave Roller states that its technology can be deployed in water depths between 8-20 m. As the water depth increases, the thickness-to-height ratio decreases and issues will begin to arise with the structural stiffness and rigid body motion may no longer be valid. Furthermore, after incorporating the additional costs associated with deployment in deeper water may likely place an upper limit of 20 m on the water depth.
This report is available at no cost from the National Renewable Energy Laboratory (NREL) at www.nrel.gov/publications. Figure 3 . NONDIMENSIONAL HYDRODYNAMIC COEFFICIENTS 1 . Mass, m, 36 t
TIME-DOMAIN PITCH EQUATION OF MOTION
The one-degree-of-freedom time-domain pitch equation of motion is given by:
where t is time, I 55 is the pitch mass moment of inertia,ζ 5 is the pitch angular acceleration, τ e5 is the wave-exciting pitch torque caused by the incident waves, τ r55 is the wave radiation torque due to pitch motion, τ h is the hydrostatic restoring torque, τ d is the drag torque caused by viscous effects, and τ m is the mechanical torque applied by the PTO system. The OSWEC hydrostatic restoring moment is given by:
where ρ is the fluid density, ∀ is the WEC displaced volume in calm water, r b is the radial distance from the origin to the center of buoyancy, m is the WEC mass, r g is the radial distance from the origin to the center of gravity, g is the gravitational acceleration, and ζ 5 is the time-varying pitch displacement. Equation (2) can be linearized by assuming small rotational motion, ζ 5 ≪ 1, which allows for the following approximation to be made: sin ζ 5 ≈ ζ 5 . The linear hydrodynamic wave radiation moment will be represented in the time domain using the Cummins equation [26] and is written as follows:
where µ 55 (∞) is the pitch-added moment of inertia at infinite frequency, and K r55 is the pitch radiation impulse response function, also known as the memory function because it represents the wave radiation memory effect due to past WEC motions. The relations between the time-and frequency-domain radiation co-efficients were derived in [27] :
where σ is the wave angular frequency, while µ 55 (σ) and λ 55 (σ) are the frequency-dependent hydrodynamic radiation coefficients commonly known as the added moment of inertia and wave radiation damping.
The wave-exciting pitch torque can be written in the time domain as follows:
where K e5 is the wave-excitation pitch kernel which is noncausal, and η is the wave elevation. The relationship between the timeand frequency-domain excitation coefficients is given by:
where X 5 is the frequency-dependent complex wave-exciting pitch-torque coefficient, ℜ is the real component, and ℑ is the imaginary component. The final one-degree-of-freedom pitch equation of motion can now be written as:
The pitch equation of motion may include a quadratic viscous drag term which has been investigated in [1, 2] . However, the OSWEC geometry in this study has a resonance frequency outside the range of typical ocean waves and combined with small significant wave heights it will be assumed that the contribution from a quadratic viscous drag torque is minimal. A quadratic viscous drag torque can be modeled using pseudo-spectral control and the reader is directed to [28] , but will not be pursued in this work and rather focus on the control concept for load reduction in irregular waves.
Foundation Reaction Forces
The structural foundation must handle the reaction forces needed to fix the WEC to the seabed. If centrifugal forces are neglected and the body remains symmetric about the vertical plane, the reaction forces in the surge, X r1 , and heave, X r3 , directions are given by:
where X 1 and X 3 are the complex surge and heave wave-exciting force coefficients per unit wave amplitude, µ 15 is the surge-pitch added mass, and λ 15 is the surge-pitch wave radiation damping.
The following analysis will not include the static heave reaction force, f m = (ρ∀ − m)g, in the final results because this force is unaffected by the flap pitch angle. This value is significant for ultimate strength calculation, but this work will focus on the controllable dynamic forces. The equations can be simplified and rewritten in terms of the wave-exciting force and pitch motion:
The heave reaction force is not affected by the body motion; it varies only with device geometry. The surge reaction force is affected by the OSWEC's pitch motion, which can be controlled by the PTO. The time-domain corollary of Eqn. (11) and Eqn. (12) are given by:
The foundation force magnitude and angle of application is then given by:
Notice that the time history of | f r (t) | will oscillate about a mean force.
REVIEW OF PSEUDO-SPECTRAL CONTROL
The discretization of the control problem is completed by approximating the velocity and PTO torque with a linear comThis report is available at no cost from the National Renewable Energy Laboratory (NREL) at www.nrel.gov/publications. bination of basis functions [20, 29] . The pitch angular velocity, ζ 5 , and PTO control torque, τ m , are approximated by zero-mean truncated Fourier series with N terms:
wherê
with the fundamental frequency given by σ 0 = 2π/T and T being the chosen time duration. It can be shown that the pitch equation of motion can be described as follows:
whereê 5 represents the Fourier coefficients of the pitch waveexciting torque. The matrix M 55 ∈ R N×N is block diagonal with the following structure:
The pitch angular velocity coefficients can then be determined explicitly from the control and pitch wave-exciting torque Fourier coefficients. This representation allows the total absorbed energy, E, to be written as:
This is in the form of a traditional quadratic problem. The symmetric component of M
−1
55 is positive definite [29] , which guarantees that the problem is convex and the solution is globally optimal.
Surge Foundation Force Penalty Term
Load reduction will consist of limiting the forces on the WEC structure that are required to keep the point of rotation stationary. This force has two contributions that arise from the surge wave-exciting force and WEC motion. The equation for the surge foundation force can be written in a matrix form, similar to Eqn. (21), as follows:
whereê 1 represents the Fourier coefficients of the surge waveexciting force, G 15 and Γ are block matrices given in the Appendix, and Eqn. (21) has been substituted in the last expression. To maintain the convexity of the quadratic problem, the ℓ 2 -norm of the surge-foundation force vector was added to the objective function, which is given by:
where γ is a penalty weight that can be used to adapt the controller performance. In the final expression for the surgefoundation force contribution, there are three constant terms independent of the control torque, which are left out of the optimization; see [12] for the full expression.
Control Torque Magnitude Penalty Term
This analysis does not consider wave-to-wave changes to the OSWEC geometry, leaving the PTO torque as the only control actuation. In an attempt to reduce computational time and large torque spikes, a penalty weight was placed on the ℓ 2 -norm of the PTO torque magnitude [16] as follows:
where β m is a penalty weight associated with the control torque magnitude and I N is the identity matrix of size N. After combining the expressions for the total absorbed power and penalty terms, the final objective function can be written as:
IRREGULAR WAVES
The extension of psuedospectral control into the irregular wave environment will allow for evaluation of the proposed control strategy on its effectiveness for reducing fatigue loads for both WEC foundation and PTO.
This report is available at no cost from the National Renewable Energy Laboratory (NREL) at www.nrel.gov/publications.
Wave Spectrum Characterization
The ocean water surface is exposed to variable winds and typically very irregular; however, the surface can be considered as a superposition of multiple regular harmonic wave components. This linear superposition principle was first introduced in hydrodynamics by St. Denis and Pierson [30] , which allows an irregular wave surface to be described as:
where n denotes the number of regular wave components used to describe the sea state, ε is a random phase angle between 0 and 2π, and k is the wave number. The wave number is related to the wave angular frequency through the dispersion relation. In this method the frequencies are chosen with a constant frequency step and as a result the process will repeat after a time T r , given by T r = 2π/∆σ [31] . Unless surface elevation measurements are available, irregular seas are generally described by a wave spectrum. The wave spectrum is defined as:
For a given a wave spectrum, the wave amplitude associated for a specific wave frequency is given by:
The Bretschneider spectrum [32] was chosen for application of pseudo-spectral control and is given by:
where σ p is the modal (peak) angular frequency of the wave spectrum and H s is the significant wave height, traditionally defined as the mean wave height of the highest third of the waves. Relationships with the irregular wave statistics can be obtained by computing the spectral moments, m n , of the wave spectrum:
The spectral moments can be used to calculate the following quantities of the irregular wave surface elevation:
where H s is the significant wave height, σ −1 is the mean energy angular frequency, σ 1 is the mean angular frequency, and σ 2 is the mean zero-crossing angular frequency. The spectral moments can be calculated numerically from the available frequency data; however, the definition of the Bretschneider spectrum allows for derivation of the following analytic expressions:
Pseudo-Spectral Optimal Control in Irregular Waves
Optimization of WEC performance in irregular waves requires a modification in calculating the Fourier coefficients of the pitch wave-exciting torque and surge wave-exciting force. The surface elevation described by Eqn. (28) will be used to calculate the wave-exciting torque as follows:
where the sum-difference trigonometric identities have been used in the second line. This can be put in matrix form as follows:
which will have the same form for the surge and heave waveexciting force. The irregular wave-exciting Fourier coefficients can now be used in the controller routine; however, care must be taken in selecting σ 0 and N.
Fatigue and Equivalent Load Calculations
The inherent nature of irregular waves will lead to a variableamplitude cyclic time series of forces and torques. In terms of fatigue, a variable-amplitude cyclic time series may be decomposed into individual load cycles using a rainflow cycle-counting algorithm [33] , and it is assumed these individual cycles may be superimposed upon one another, according to Miner's Rule. For this analysis the fatigue damage will be presented in terms of an equivalent fatigue load, which is the constant-amplitude force or torque range that would, over the same number of cycles, cause an equivalent amount of damage as the original variableamplitude stress time series [34] . The following definition will This report is available at no cost from the National Renewable Energy Laboratory (NREL) at www.nrel.gov/publications. be used to calculate the equivalent load or torque:
where C is the cycle count and m is a material property normally defined as the slope of the logarithmic S-N fatigue curve. For this analysis, m will have a value of 3, which corresponds to fatigue properties of welded steel [35] .
PSEUDO-SPECTRAL RESULTS
The wave spectrum was calculated for wave frequencies between 0-7.5 rad/s with ∆σ = 0.01 rad/s, resulting in T r = 628.31 s = 10.5 min. The random phase angle seeding remained constant to maintain the same wave elevation profile per sea state. For a baseline comparison, the optimum linear damping coefficient that maximized the TAP for each sea state and geometric configuration was obtained using spectral techniques described in [2] , and denoted as passive control as the PTO damping coefficient remains constant over the time series.
Performance Variation with γ and β m
The three contributions to the objective function in Eqn. (25) do not consist of the same units, and the interrelationship between them is complex. To explore the effect on controller performance, a chosen sea state was simulated using combinations of penalty weights. A sample set of results is plotted in Fig. 4 , which highlights the performance of the optimization routine compared to the passive results. As to be expected, for the smallest penalty weights the capture efficiency is maximized, whereas at the largest penalty weights the minimization of the surge-foundation force and PTO control torque takes precedence and the capture efficiency is effectively zero. The intermediate range of the penalty weights provide more interesting results because a faster decrease in structural loads is observed when compared to the capture efficiency. This decrease is best viewed in the middle and bottom plots of Fig. 4 , where markers have been placed for easier comparison. For each marker, the ratio of the controlled-to-passive TAP is greater than the corresponding fatigue loads. In addition, the reactive power requirement is reduced when moving from marker 1 to marker 4, which leads to promising power-to-load ratios. The controler in this work assumes perfect efficiency of the PTO unit, though it is well known that the bidirectional efficiencies can affect results when the direction of energy flow is reversible [36] .
Time History of WEC Motion, Foundational Loads, and PTO Torque
Four penalty weight combinations have been chosen to illustrate the transition from the maximum TAP to near elimination of the surge-foundation force and PTO actuator torque. This report is available at no cost from the National Renewable Energy Laboratory (NREL) at www.nrel.gov/publications. This report is available at no cost from the National Renewable Energy Laboratory (NREL) at www.nrel.gov/publications. These penalty weight combinations are indicated by markers in the plots of Figure 4 and the corresponding time histories are plotted in Figure 5 . As the penalty weights are reduced, the controller maintains near optimum phase between the pitch angular velocity and wave-exciting torque. This condition is accompanied by the greatest PTO control torque, surge-foundation force, and reactive power. As the penalty weight is increased, the controller first maintains near optimum phase while only reducing the amplitude of motion; however, eventually a greater phase shift is allowed by the controller to eliminate a greater proportion of the surge-foundation force; refer to Eqn. (9) . The larger reduction in surge-foundation force compared to the TAP is due to the phase difference between the PTO control torque and pitch angular velocity. The phase shift in pitch angular velocity assists in reducing the surge-foundation force while simultaneously moving closer in phase with the PTO control torque. If a PTO consisting of only a linear damping coefficient is used, the control torque will be in phase with the pitch angular velocity, and the reactive power component will be eliminated. Thus, for intermediate penalty weights the TAP from the controller will be near the passive result and the reactive power component is minimized. Furthermore, it can be seen that as the surge-foundation force penalty weight is increased the PTO control torque decreases. This relationship is a result of the natural body dynamics (see Figure 6 ) because the unforced pitch motion has nearly the same amplitude and phase needed to eliminate the surgefoundation force. Therefore, significant reductions in the surgefoundation force can be achieved by reducing the influence of the PTO torque at the expense of power production. It may be the case, however, that greater PTO actuator loads and reactive power are required to eliminate foundation loads for WECs that utilize other oscillating degrees of freedom for power production, e.g. [37] .
Conclusion
This paper has used pseudo-spectral optimal control to evaluate the irregular wave performance of an OSWEC. The pitch time-domain equation of motion was constructed assuming linear hydrodynamic theory, though extension to include nonlinear effects can be made [28] . The pseudo-spectral optimal control problem was improved by including the ℓ 2 -norm of the surgefoundation force and PTO actuator force in the objective function. The optimizer performance was found to be adjustable based on the values chosen for the penalty weights placed on both load contributions. Verification of the optimization problem began by evaluating its performance when varying the combination of penalty weights. It was shown that as γ & β m → 0 the maximum constrained power was recovered, whereas when γ & β m → ∞ the surge-foundation force and PTO control torque were effectively eliminated. The results obtained in the intermediate range of penalty weights were of greater interest because they provided a better understanding of the power-to-load rela- tionships. It was found that the system loads decreased at a faster rate than the TAP, leading to favorable power-to-load ratios. As the penalty weights were increased the optimizer shifted away from optimum phase, which reduced the pitch-displacement amplitude and reactive power contribution. The reduction of the reactive power contribution is favorable because complete elimination requires nonlinear constraints on the power flow [23] that are generally slower and require iterative solvers. The pseudospectral techniques described in this paper can be solved very efficiently because of the convexity of the objective function, which is favorable for potential real-time application.
Using a change of variables, the surge-pitch radiation convolution integral can be represented in matrix form as follows: 
